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Abs t r ac t  

"Most 1 ike ly"Morse  p o t e n t i a l  func t ions  f o r  N e ,  Ar, K r ,  Xe, 

N 2 ,  and CH4 are determined from exper imenta l  second v i r i a l  

c o e f f i c i e n t  [ B (TI] and v i s c o s i t y  [ (T) J d a t a .  By employing 

v a r i a n t s  of t h e  usua l  s t a t i s t i c a l  f i t t i n g  procedures, t h e  e l u c i d a t i o n  

of d i f f e r e n t  f e a t u r e s  of t h e  p o t e n t i a l s  i s  emphasized. Our "most 

l i k e l y "  p o t e n t i a l s  give a b e t t e r  d e s c r i p t i o n  of t h e  exper imenta l  

B(T) and 7 (T) and r e p u l s i v e  s c a t t e r i n g  p o t e n t i a l s  than do 

those  based l a r g e l y  on c r y s t a l  p r o p e r t i e s .  The Morse p o t e n t i a l  i s  

appa ren t ly  less s u i t a b l e  than t h e  Kihara p o t e n t i a l  f o r  reproducing 

t h e  exper imenta l  B(T) and 7 (T) a t  l e a s t  f o r  .'&; n e i t h e r  

model i s  able t o  reproduce both p r o p e r t i e s  w i t h i n  t h e  l i m i t s  of 

exper imenta l  e r r o r .  A comparison i s  made wi th  o the r  s e l e c t e d  

model p o t e n t i a l s .  
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I. INTRODUCTION 

1 Recent ly  c a l c u l a t i o n s  have been made of t h e  second v i r ia l  

c o e f f i c i e n t ,  B(T), and its f i r s t  two temperature d e r i v a t i v e s  i n  

terms of t h e  three-parameter Morse p o t e n t i a l  func t ion :  

Here, E is  t h e  depth  of the p o t e n t i a l  w e l l  a t  i t s  minimum where 

r =  r t h e  c o l l i s i o n  diameter 6 d e f i n e s  t h e  ze ro  of t h e  

p o t e n t i a l ,  i s  r e l a t e d  t o  t h e  cu rva tu re  of 

a t  t h e  minimum and i s  simply r e l a t e d  t o  t h e  l eng th  parameters  

through t h e  express ion  

m ’  

p(6) = 0 ,  and c 

r = ( S / c )  (c + ln2) . m 

The s i g n i f i c a n c e  of  t h e  parameters is discussed  i n  more d e t a i l  

elsewhere. 

a t tempted t o  e s t a b l i s h  the  v a l i d i t y  of t h e  Morse f u n c t i o n  as an  

Subsequently, Konowalow and R i rech fe lde r2  (KH) 

in te rmolecular  p o t e n t i a l  function. They determined t h e  p o t e n t i a l  

parameters  for  some nonpolar molecules (Ne, Ar, Kr, Xe, N2, CH4) 

from c r y s t a l  d a t a  and t h e  single B(T) datum n e a r e s t  room temperature. 
c 

They found t h a t  va lues  of B(T) c a l c u l a t e d  i n  t e r m s  of t h e  Morse 

p o t e n t i a l s  so determined reproduced t h e  exper imenta l  B(T) f o r  t h e s e  

1. D. D. Konowalow, M. H. Taylor, and J. 0. Hirschfe lder ,  Phys. 
F l u i d s  k, 622 (1961). 

2. D. D. Konowalow and J. 0 .  Hirsch fe lde r ,  Phys. F l u i d s  4, 629 (1961). 
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substances over a wide range of temperatures  as w e l l  as d id  those  

ca l cu la t ed  i n  terms of t h e  Buckingham (exp-6) and Lennard-Jones 

(12-6) p o t e n t i a l s .  (The parameters fo r  t h e  l a t t e r  two p o t e n t i a l s  

were determined from experimental  c r y s t a l ,  B(T), and v i s c o s i t y ,  

3 
?(TI ,  d a t a . )  

4 I n  comparing these  s a m e  t h r e e  p o t e n t i a l s ,  Saxena and Gambhir 

found t h a t  t h e  o v e r a l l  agreement between t h e  B(T) both f o r  pure  

gases  and gaseous mixtures  and c a l c u l a t i o n s  i n  t e r m s  of the  Morse 

p o t e n t i a l  w a s  super ior  t o  t h e  agreement a f forded  by the  o ther  two 

poccntials. A t  t h i s  po in t  t h e  Morse func t ion ,  d e s p i t e  some 

r e s e r v a t i o n s  about the  adequacy of i t s  form for  very  s m a l l '  and 

v e r y  l a rge2 j5  sepa ra t ions ,  he ib  promise of c o r r e l a t i n g  va r ious  

phys ica l  p r o p e r t i e s  b e t t e r  than  t h e  more commonly used models 

Subsequently, i t  was found by Saxena and Bahethi6 thirt t hese  same 

Morse p o t e n t i a l s  gave only i n d i f f e r e n t  agreement w i t h  t h e  

experimental  t r a n s p o r t  p r o p e r t i e s ;  o v e r a l l ,  they  found l i t t l e  

r eason  t o  p r e f e r  e i t h e r  the  Morse or  the  (exp-6) model. This  has  

l ed  us  t o  ques t ion  whether the  Morse p o t e n t i a l  i s  incapable  of an  

adequate d e s c r i p t i o n  of the  t r a n s p o r t  p r o p e r t i e s ,  or  whether t h e  

d i f f i c u l t y  might l i e  elsewhere.  

There i s  a growing body of evidence7 t h a t  t h e  assumption of 
- .. - - - - -  

, .-% .J 
3. E. A .  Mason and W. E. Rice,  J. Chem. Phys. 22. 843 (1954). 

4 .  S. C .  Saxena and R.  S. Gambhir, Mol. Phys. 5 5 7 7  (1963). 

5 .  R. B. Berns te in ,  The -Proseedings -of t h e  III I n t e r n a t i o n a l  
r d  

ConfeFence on t h e  Physics  of E l e c t r o n i c  and Atomic C o l l i s i o n s ,  
London, (North-Holland Publ i sh ing  Company, Amsterdam, 1964) p. 895. 

6 .  S .  C.  Saxena and 0. P. Bahethi,  Mol. Phys. L., 163 (1963). 

7 .  L. Jansen and R .  McGinnies, Phys- Rev. E, 1 3 0 1  (1956), a, 961 
(1956). L. Jansen, Phys. Rev. 125, 1798 (1962); P h i l .  Mag. 8, 
1305 (1963). 
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a d d i t i v i t y ,  c e n t r a l  t o  t h e  determinat ions from c r y s t a l  d a t a  of t h e  

p a r t i c u l a r  p o t e n t i a l s  we have discussed, may iead  t o  s e r i o u s  e r r o r s .  

Thus, such p o t e n t i a l s  a r e  a l l  somewhat suspect .  

be s i g n i f i c a n t  t h a t  Barker, Fock and Smith' (BFS) found the  d i f f e r e n c e  

I t  may or may not  

between the  experimental  c r y s t a l  l a t t i c e  energy f o r  A r  and t h e i r  

c a l c u l a t i o n s  (assuming a d d i t i v i t y )  i n  terms of t h e  Kihara p o t e n t i a l  

was not  very  d i f f e r e n t  f r o n  Jansen ' s  t h e o r e t i c a l  e s t ima te  of t he  
7 

e f f e c t  of nonaddi t iv i ty .  

It i s  our ob jec t ,  therefore ,  t o  redetermine t h e  Morse p o t e n t i a l s  

only from s e l e c t e d  p r o p e r t i e s  of d i l u t e  gases  and so t o  avoid the  

n e c e s s i t y  of t r e a t i n g  c r y s t a l  p roper t ies .  W e  d i s c u s s  i n  Sec t ion  I1 

the  cons t ruc t ion  of error d iscr iminants  designed t o  e x t r a c t  from 

experimental  B(T) and (T) d a t a  information regard ing  d i f f e r e n t  

reg ions  of t h e  p o t e n t i a l  function. I n  Sec t ion  111 we examine 
.. 

c r i t i c a l l y  f o r  each substance the  m u l t i p l i c i t y  of p o t e n t i a l s  :,,ich 

may be i n f e r r e d  by emphasizing d i f f e r e n t  aspec ts  of t h e  same 

c o l l e c t i o n  of experimental  data.  For  a l l  but  Ne, we expect  t h a t  

our t reatment  f i x e s  a more or l e s s  "well-determined" s e t  of 

p o t e n t i a l s .  F i n a l l y ,  i n  Sect ion I V  we choose a "most l ike ly"  s e t  of 

Morse p o t e n t i a l s  and compare t h e i r  g ross  f e a t u r e s  wi th  a few o t h e r  

po t  en t i a l s  . 
11. DETERMINING THE POTENTIALS 

A. Experimental  Data Used 

Prominent among the  physical  p r o p e r t i e s  f o r  gases  commonly used 

to  determine model intermolecular  p o t e n t i a l  func t ions  are: t h e  - - - - -  
8. J. A. Barker, W. Fock, and F. Smith, Phys. F l u i d s  1, 897 (1864). 
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second and higher  v i r i a l  c o e f f i c i e n t s ,  and the  t r a n s p o r t  c o e f f i c i e n t s .  

There i s  a f i r m  t h e o r e t i c a l  b a s i s  f o r  connect ing t h e  in te rmolecular  

p o t e n t i a l  func t ion  wi th  these  bulk  p r o p e r t i e s  of gases .  9 
4 

For the  molecules we wish t o  consider ,  on ly  B(T),  of t h e  

v i r i a l  c o e f f i c i e n t s ,  i s  known wi th  s u f f i c i e n t  accuracy over apprec i ab le  

temperature ranges  f o r  our purposes.  LeFevre" has shown t h a t  B(T)  

i s  of i t s e l f  i n s u f f i c i e n t  t o  s p e c i f y  a nonmonotonic p o t e n t i a l .  

Keller and Zumino" have shown t h a t ,  f o r  a nonmonotonic p o t e n t i a l  

w i t h  a s i n g l e  minimum, t h e  high-temperature B(T) determines t h e  

r e p u l s i v e  p o r t i o n  of t he  p o t e n t i a l  whi le  t h e  low-temperature B ( T )  

determines t h e  w i d t h  of thz p o t e n t i a l  w e l l  as a func t ion  of t he  

depth.  While t h e  p o t e n t i a l  may not  be  determined uniquely  from B(T) 

a lone,  some of i t s  f e a t u r e s  may be found from B ( T )  dsra which spans 

a s u f f i c i e n t l y  wide range of temperatures .  

Of t h e  t r a n s p o r t  p r o p e r t i e s ,  q ( T )  i s  probably t i i c  i imqt  

accura t e ly  known over apprec iab le  ranges  of temperature .  It i s  w e i i  

e s t a b l i s h e d  t h a t  i s  most s e n s i t i v e  t o  t h e  na tu re  of t he  

r epu l s ive  p o r t i o n  of the  p o t e n t i a l ,  and only weakly dependent on 

q ( T )  

t he  a t t ract ive por t ion .  It i s  f o r  t h i s  r eason  t h a t  l i t t l e  

s ign i f i cance  can be a t t ached  t o  p o t e n t i a l s  determined s o l e l y  from 

)\(T) d a t a .  

- - - - -  
9. J. 0. Kirschfelder ,  C .  F. C u r t i s s  and R.  B. Bird, The Molecular 

Theory of Gases and Liquids, Second P r i n t i n g ,  (John Wiley and 
Sons, Inc . ,  New York, 1964). 

10.E. J. LeFevre, Department of S c i e n t i f i c  and I n d u s t r i a l  Research, 
Mechanical Engineering Research Laboratory,  East Ki lb r ide ,  
Glasgow. Heat Div is ion  Paper No. 129 (1957). 

4 

ll .J. B. Keller and B.  Zumino, J. Chem. Phys. 30, L351 (1959). 
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We assume, as d id  BFS i n  t h e i r  determinat ion of t he  Kihara 

p o t e n t i a l  parameters  fo r  Ar, that B(T) and t (T) d a t a  are 

s u f f i c i e n t  t o  f i x  uniquely the in te rmolecular  p o t e n t i a l .  This  i s  

probably a reasonable  assumption t o  make i n  the  case of Ar. We 

s h a l l  reexamine it i n  Sec t ion  I11 f o r  each of t h e  substances we 

treat. The experimental  da t a  we have used toge ther  wi th  t h e i r  

o r i g i n a l  sources  are l i s t e d  elsewhere. l2 

of these  d a t a  are l i s t e d  i n  Table I. W e  note,  f o r  example, t h a t  

f o r  a l l  the  substances we consider except N e  t h e r e  exis t  f a i r l y  

r e l i a b l e  B(T) d a t a  f o r  temperatures spanning the  Boyle temperature 

‘1 

C e r t a i n  s a l i e n t  f e a t u r e s  

TB . (Recall t h a t  B(TB) = 0 .) For N e  t he  few d a t a  t h a t  

exist f o r  T 4 TB appeared to  be u n r e l i a b l e  and w a s  no t  used. For 

CH4, Kr, and Xe t h e r e  is a pauc i ty  of high-temperature 7 (T) da t a .  

For both  AK and N2 bo th  the B(T) and r \ ( T )  d a t a  extend over 

a wide range of temperatures.  

Now l e t  us consider  t he  methods which may be used t o  e x t r a c t  

from such d a t a  s u f f i c i e n t  information t o  e s t a b l i s h  the  approximate 

f e a t u r e s  of t he  intermolecular  p a i r  p o t e n t i a l  func t ions  f o r  a few 

nonpolar gases .  

- - - - -  
12.  Appendix I of t h i s  repor t .  



L 

I 

Substance 

Ar 

N2 

c*4 

Rr 

Xe 

Ne 

6 

TABLE I 

SUMMARY OF EXPERIMENTAL DATA USED 

Temperature Range (OK) 

Bx(T) data 

85-873 

90-673 

108 -6 7 3 

108-873 

273-973 

123-973 

89-1978 

111-1711 

122- 366 

144- 366 

278- 555 

33- 1066 

410 

325 

510 

560 

770 

<123 

Ho. of Data Points 

35 

26 

22 

23 

11 

14 

40 

43 

23 

11 

9 

37 

a Approximate Boyle Temperature 
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B. E r r  o r  Discr iminants  

Among the  most common methods fo r  f i x i n g  t h e  a d j u s t a b l e  

cons t an t s  of a model p o t e n t i a l  func t ion  i s  t o  o b t a i n  a “best f i t ” ,  

i n  some sense,  of one or more experimental  p r o p e r t i e s  by c a l c u l a t i o n s  

made i n  t e r m s  of t h a t  p o t e n t i a l .  

temperature-dependent property,  

p o t e n t i a l  parameters  u n t i l  some e r r o r  d i scr iminant ,  u sua l ly  t h e  

s tandard  devia t ion ,  SD(P), 

For a s ing le ,  experimental ,  

Px(T) , it i s  usua l  t o  a d j u s t  t h e  

is minimized. Here, Px(Ti) is  the  experimental  va lue  of t h e  

p rope r ty  P a t  t h e  temperature Ti, Pc (Ti) i s  t h e  corresponding 

va lue  c a l c u l a t e d  i n  terms of t h e  model p o t e n t i a l ,  an6 

t h e  number of such d a t a  po in t s  t r e a t e d .  

N(P) i s  

For c a l c u l a t e d  va lues ,  Bc (T), of t h e  second v i r i a l  c o e f f i c i e n t  

we used t h e  algori thms developed p rev ious ly  1’13 f o r  t h e  Morse 

p o t e n t i a l .  We ca l cu la t ed  7, (T) from t h e  express ion  

266.93 (MT)’ f ‘3’ (c,T*) 
7 )1 f7 C lo = c2 m(2y2)*(c,T*) 

where M i s  t h e  molecular weight, T* = kT/€ where k i s  t h e  

Boltzmann cons tan t ,  and f 1(3)(c,T*) and f1(2’ 2 q ~ , T * )  are 

func t ions  of t h e  Morse parameters c, a n d €  t a b u l a t e d  by Love11 

13. Erratum. I n  Table V I  of Ref.  1 a 
- e - - -  

(2) = -0.483986 = -0 .443986.  03 
With t h i s  change the  F0(*) of Table I V ,  Ref. 1 can be c o r r e c t l y  
reproduced. 
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14 and Hirschfelder  . 
An a l t e r n a t e  approach i s  t o  o b t a i n  a "best  f i t "  of Px(T) by 

minimizing t h e  root-mean-square percentage e r r o r ,  e,(P), where 

(A u se fu l  ref inement  of e i t h e r  of t hese  e r r o r  measures i s  t o  weight 

the  ind iv idua l  e r r o r s  i nve r se ly  as t h e i r  r e l a t i v e  p rec i s ion .  A l l  

too  of ten ,  however, such a procedure i s  no t  f e a s i b l e  because the  

p rec i s ions  a r e  unknown. ) 

It i s  q u i t e  w e l l  known t h a t  p o t e n t i a l s  f i xed  by f i t t i n g  a 

number of phys i ca l  p r o p e r t i e s  i o r  a substance s i n g l y  may be i n  

s e r i o u s  disagreement wi th  each o t h e r .  It i s  necessary,  t h e r e f o r e ,  

t o  e s t a b l i s h  means whereby two or  more p r o p e r t i e s  nay be considered 

9 

i n  p a r a l l e l  i n  such a way t h a t  t he  p o t e n t i a l  may be r e l a t i b .  ' r 

r e a l i s t i c .  

The ex tens ion  of t he  e3(P) c r i t e r i o n  t o  t h e  simultaneous 
- - - - -  
14. S. E.  Love11 and J .  0. Hi rschfe lder ,  Un ive r s i ty  of Wisconsin 

Theore t i ca l  Chemistry Laboratory Reports  WIS-AF-19 and 
WIS-AF-21 (1962). S imi la r  c a l c u l a t i o n s  have been r epor t ed  
by F. J. Smith and R.  J. Munn, Un ive r s i ty  of Maryland I n s t i t u t e  
of Molecular Physics  Report IMP-NASA-39, August 12, 1964. 
The two sets  of t a b u l a t i o n s  agree w e l l  except  f o r  c = 8 and 
c = 10 and f o r  the  very  lowest reduced temperatures  T J C S  0.2. 
Our c a l c u l a t i o n s  were e s s e n t i a l l y  complete when t h i s  l a t t e r  
work became a v a i l a b l e ;  w e  have no t  r epea ted  our c a l c u l a t i o n s  
i n  t e r m s  of t hese  most r e c e n t  t a b u l a t i o n s .  Even i f  they  turned 
out t o  be more nea r ly  c o r r e c t  it would have l i t t l e  or no e f f e c t  
on  the  p o t e n t i a l s  w e  determine. 

c 



fitting of two or more temperature-dependent properties is 

straightforward; that for the standard deviation may be extended 

with some modification. Thus, it might be reasonable to fix the 
m 

parameters of a model potential by minimizing the sum Lpe,(P). 

If for no other than aesthetic reasons, the SD(P) needs to be 

cast in dimensionless form before being combined in a similar 

manner. Of the various ways this may be accomplished, we shall 

consider only two: the first is to define 

the second is to define 

which is only implicitly a function of N(P). Thus, in the sense 

that any of 

is a minimum with respect to variation of all its parameters, a 

model potential function may be considered to give a "best fit" 

simultaneously to a number of different temperature-dependent 

properties. 

We may argue that the E of Eq. (5) should be modified to 

take cognizance of the fact that the various P(T) may be known 

n 
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over widely d i f f e r e n t  ranges  of temperature .  Thus each en(P)  

should be weighted according t o  t h e  e x t e n t ,  

temperature range f o r  which P (T) d a t a  i s  used. That i s ,  

AT , of t h e  
P 

X 

where c. = 

weighting i s  based on t h e  h e u r i s t i c  argument t h a t  a proper ty  i s  

(ATp) /I ( A T p )  . This  admi t ted ly  a r b i t r a r y  
P 

"be t te r  known", and thus  has more t o  t e l l  about  t he  in te rmolecular  

p o t e n t i a l ,  t h e  wider the  temperature range over which i t  has been 

measured. One weakness of  c h i s  weight ing i s  t h a t  the  en(P)  

corresponding t o  a proper ty  known a t  only a s i n g l e  temperature,  i s  

given zero weight .  

be taken proper ly  i n t o  account .  This  i s  no ser ioi is  f a u l t  i n  t h e  

I n  a more r e a l i s t i c  scheme such a datum would 

p re sen t  work s i n c e  we consider  only p r o p e r t i e s  known over ep?z-ci.able 

temperature ranges .  Another d e s i r a b l e  ref inement  t o  Eq. (6) would 

be t o  a d j u s t  t he  r e l a t i v e  weight ing of t he  

r e l a t i v e  o v e r a l l  accuracy wi th  which the  va r ious  p r o p e r t i e s  are 

en (P)  according t o  the 

known. Such a ref inement  w a s  no t  f e a s i b l e  because t h e  accu rac i e s  
h 

of much of  t h e  d a t a  we used i s  unknown. 

It is evident  t h a t  the  va r ious  e (P) are c l o s e l y  r e l a t e d .  n 

For example, Eq. (3)  may be r e w r i t t e n  i n  the  form: 

c 

t 



where 

Thus, e (P) i s  no more than  e (P) modified t o  weight t h e  

f r a c t i o n a l  e r r o r  a t  each t e m p e r a t u r e  Ti p ropor t iona l  t o  t h e  

square of t he  magnitude of the datum Px(Ti). We c a l l  e,(P) 

and e (P) weighted percentage e r r o r s .  I n  c o n t r a s t ,  fo r  e,(P), 

t h e  weight ing of t h e  ind iv idua l  percentage e r r o r s  i s  un i ty .  

1 3 

2 

A p r a c t i c a l  consequence of u s ing  e i t h e r  of t he  weighted 

percentage e r r o r s  i n  an automatic computation i s  t h a t  p r o p e r t i e s  

(such as B(T) or t h e  Joule-Thompson c o e f f i c i e n t )  which pass  

through a ze ro  may be treated wi thout  t h e  danger of t h e  e r r o r  

measure "blowing up"; e (P) s u f f e r s  a n  obvious defect i n  t h i s  

r e s p e c t .  O f  even greater consequence i s  t h e  f a c t  t h a t ,  e s p e c i a l l y  

f o r  a proper ty  whose magnitude v a r i e s  apprec iab ly  as a func t ion  

of temperature,  t h e  e r r o r s  a s soc ia t ed  wi th  the  d a t a  of t h e  l a r g e s t  

magnitudes dominate t h e  value of e,(P) or e,(P). E r r o r s  

a s soc ia t ed  wi th  d a t a  of small magnitude make r e l a t i v e l y  l i t t l e  

con t r ibu t ion .  With e (P), d a t a  of va ry ing  magnitudes are 

o s t e n s i b l y  t r e a t e d  i n  a more e g a l i t a r i a n  manner. Y e t ,  as noted 

above, it may be ino rd ina te ly  s e n s i t i v e  t o  d a t a  i n  t h e  neighborhood 

of a zero.  

3 

3 

So f a r  t h e  d i scuss ion  of t h e  va r ious  e r r o r  d i sc r iminan t s  has 

been kept  purposely genera l .  Now l e t  us  examine t h e  imp l i ca t ions  

of u s ing  each of t h e  En of Eq. (6) t o  "determine" t h e  i n t e r -  



molecular p o t e n t i a l  func t ion  from only Bx(T) and q x ( T )  d a t a .  

With the s i n g l e  except ion  of Ne, f o r  t h e  subs tances  we t r e a t , b o t h  

El and E2 depend most s t rong ly  on f i t t i n g  t h e  low-temperature 

B (T) and the  high-temperature Vx(T)  which a r e  themselves most 

s e n s i t i v e  t o  the  a t t r a c t i v e  and r e p u l s i v e  r eg ions  of t h e  p o t e n t i a l  

X 

12 

r e s p e c t i v e l y .  From t h i s  we may expect  t h a t  p o t e n t i a l s  determined by 

minimizing e i t h e r  E l  or E2 may be r e l a t i v e l y  r e a l i s t i c  over a 

wide range of s epa ra t ions  e 

heavi ly  on f i t t i n g  the  low-temperature 21 x(T) 

of TB . Clea r ly ,  E3 i s  most s e n s i t i v e  t o  a r a t h e r  d i f f e r e n t  

r eg ion  of t h e  p o t e n c i a l  (t;hac i s ,  t o  s epa ra t ions  r S 6  i n  the  

E3 , on the  o ther  hand, depends most 

and the  B (T) i n  t h e  region - 
X 

immediate v i c i n i t y  of t he  z e r 3  of t h e  p o t e n t i a l )  than i s  e i t h e r  

E l  or E2 . We should be i l l - a d v i s e d  t o  p l ace  too  rmch confidence 

i n  the  re levancy  of p o t e n t i a l s  determined by miniv-izing E3 a lone  

s i n c e  i t  apparent ly  i s  s e n s i t i v e  t o  such a comparatively s r a l l  

range  of the  p o t e n t i a l .  F ina l ly ,  i n  t h e  event  t h e  p o t e n t i a l s  

determined by a l l  t h r e e  E a r e  s u f f i c i e n t l y  similar,  we may more 

s a f e l y  assume t h a t  t he  composite p o t e n t i a l  i s  a reasonable  

n 

approximation t o  t h e  t r u e  p o t e n t i a l .  How w e l l  t hese  expec ta t ions  

are borne out  i s  discussed i n  Sec t ion  111. 

C .  Mathematical Technique (For F ix ing  t h e  Morse P o t e n t i a l  

Parameters ) 

The e r r o r  E, which here  s tands  for  any of t h e  En def ined 

by Eq. ( 6 ) ,  i s  a func t ion  of the  Morse parameters  E ,  c , and 

; v i z . ,  

c 



c 

4 

. 

We f i x  these  parameters by r e q u i r i n g  t h a t  

r e s p e c t  t o  t h e i r  v a r i a t i o n .  

system of equat ions  

E be a minimum wi th  

Thus, we seek the  s o l u t i o n  t o  t h e  

where pj r e p r e s e n t s  t h e  va r ious  p o t e n t i a l  parameters.  I n  

general ,  Eqs. (8) a r e  nonl inear ,  so a numerical s o l u t i o n  i s  necessary.  

The method we used w a s  an adqtat ionof  the  quadra t i c  minimizat ion 

procedure descr ibed  by Ransi l .  

t he  method here .  

15 We give only a b r i e f  o u t l i n e  of 

Assuming t h e  parameters p. t o  be independent v a r i a b l e s ,  E 

as 
J 

may be expanded about an a r b i t r a r y  po in t  near t he  minimum 

fol lows : 

EO 

By combining Eq. (8) and Eq. (9) we ob ta in  the  l i n e a r  system of 

equat ions  

- - - - -  
15. B. J. Rans i l ,  Rev. Mod. Phys. 32, 239 (1960). 
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Input  t o  t h e  minimization progran a r e  an i n i t i a l  guess of t h e  

parameter s e t  p and t h e  increments dp, are  needed t o  approximate 

t h e  d e r i v a t i v e s  wi th  t h e  usua l  f i n i t e - d i f f e r e n c e  forms. Eq. (10) i s  

solved f o r  t h e  improved increments 

repea ted  u n t i l  convergence i s  achieved. 

j 

Afk , and t h e  procedure i s  

16 

As i s  common t o  approximation methods such as t h i s  one, i t  i s  

e s s e n t i a l  t h a t  t h e  i n i t i a l  guess of the  input parameters pj l i e  

reasonably c l o s e  t o  those  corresponding t o  t h e  minimum f o r  t he  

procedure t o  converge. 

minimization procedure i s  t h a t  a unique, wel l -def ined minimum exi t s ,  

An underlying assumption of t h e  q u a d r a t i c  

or a t  least  m u l t i p l e  minima a r e  s u f f i c i e n t l y  w e l l  separa ted  i f  

they  occur a t  a l l .  We have € i t L  iher  assumed t h a t  t h e  minimum 

condi t ion ,  Eq. ( 8 ) ,  corresponds t o  a unique s e t  of p o i e n t i a '  

parameters.  These p o i n t s  w i l l  be examined indivic1t:aJly f o r  each 

substance i n  t h e  next  s e c t i o n .  

111. DISCUSSION OF RESULTS 

I n  Table I1 are l i s t e d  t h e  Morse parameters which have been I 
f i x e d  by minimizing the  v a r i o u s  E of Eq. ( 6 ) .  (Neither f o r  Kr 

nor f o r  X e  were w e  a b l e  t o  f i x  a p o t e n t i a l  by minimizing E3  w i t h  

a reasonable  expendi ture  of computer t i m e  because of t h e  extreme 

s e n s i t i v i t y  of t h e  automatic minimization procedure t o  t h e  r e l a t i v e  

e r r o r ,  

These pract ical  cons idera t ions  se rve  t o  r e i n f o r c e  our previous 

conten t ion  o f  t h e  u n s u i t a b i l i t y  of E 3  T h i s  v a r i a t i o n  i s  no t  

e n t i r e l y  s u r p r i s i n g  i n  t h a t  t h e  t h r e e  

16. The v a l u e s  of t h e  Morse p o t e n t i a l  parameters , I ; t ed  i n  Table I I 
were s t a b l e  t o  a t  l e a s t  t h e  number of  f i gu ie :  tlucted t h e r e .  

n 

[Bx(T) - Bc(T) ] /Bx(T) , i n  t h e  r e g i o n  of t h e  Boyle p o i n t .  

En ~ r e i g h t  V ~ L  i ous  temperature 
- - - - -  

F 

4 
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ranges  of B(T) and (T) so  d i f f e r e n t l y .  Somewhat more 

d i s tu rb ing ,  however, a r e  the  s e v e r a l  i n s t ances  where two r a t h e r  

d i f f e r e n t  sets of parameters g ive  e s s e n t i a l l y  i d e n t i c a l  va lues  of 

e i t h e r  El or E2 . This  apparent  l ack  of uniqueness i s  most 

pronounced fo r  Ar and N2. Indeed, t h e  s i m i l a r i t y  between the 

cases i s  s o  s t r i k i n g  t h a t  a number of o the r  observa t ions  may be ' 

two 

made i n  common. 

A. Ar and N2 

F i r s t l y ,  t h e  re la t ive d i f f e r e n c e s  between the  two lowest E 
2 

i nd ices ,  about one p a r t  i n  one thousand, are ha rd ly  s i g n i f i c a n t .  17 

E2 Thus, t h e  parameter se ts  are e n t i r e l y  equ iva len t  under 

Secondly, t h e  relative d i f f e rences  i n  t h e  two El i n d i c e s  are 

about  an  order  of magnitude l a r g e r  and probably provide a clear 

choice  f o r  t h e  set of parameters corresponding t o  t h e  17wst 

Now i t  i s  seen  from Table I1 t h a t  t h e r e  i s  f o r  both Ar and 

e s s e n t i a l  concordance between t h e  parameter sets corresponding t o  

t h e  smallest El and those corresponding t o  t h e  ( i n s i g n i f i c a n t l y )  

nex t  smallest E2 . 

2 weight ing  given by 

d a t a  ( e s p e c i a l l y  i n  t h e  case  of 

t h e  parameter sets f ixed  under t h e s e  two c r i t e r i a  i s  encouraging. 

N 2  an 

I n  view of t he  r a t h e r  d i f f e r e n t  re la t ive 

El and E t o  t h e  f i t  of t h e  B(T) and 7 (T) 
N2) t h e  v i r t u a l  coincidence of  

This  r a t h e r  sanguine view i s  s u b j e c t  t o  immediate r e a p p r a i s a l  

s i n c e  t h e  parameters  determined by minimizing Eg are apprec iab ly  

d i f f e r e n t  from those  suggested by both  El and E2 . Here, w e  

were unable  t o  f i n d  any b u t  the s i n g l e  s e t  of parameters,  i nd ica t ed  

17. H. Margenau and G .  M. Murphy, The Mathematics of Phys ics  and 
Chemistry (D. Van Nostrand Company, Inc. ,  New York, 1943) .  
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The corresponding p o t e n t i a l  i s  i n  i n  Table 11, which minimized 
E 3  

t h i s  sense unique. Let u s  r e c a l l  t h a t  by i t s  n a t u r e  E3  i s  

i n o r d i n a t e l y  s e n s i t i v e  t o  f i t t i n g  t h e  few B(T) d a t a  i n  t h e  

neighborhood of TB. Thus, i n  Table  I1 w e  note  t h a t  when 

E3 i n s t e a d  of El or E 2  i s  minimized t h e r e  r e s u l t s  a 25- t o  30- 

fold decrease i n  t h e  mean percentage e r r o r  f o r  B(T) [e3(B)] 

and l i t t l e  s e n s i b l e  

t h e r e  i s  about a 20 

B(T) [SD(B)] and 

change i n  t h a t  f o r  

per c e n t  i n c r e a s e  i n  t h e  s tandard  d e v i a t i o n  f o r  

roughly a doubling i n  t h a t  fo r  2 (T) .  I n  

' / 2 ( T ) ;  concomitantly,  

F i g s .  1-6 t h e r e  i s  shown i n  d e t a i l  t h e  d i f f e r e n c e s  i n  t h e  e r r o r  

curves  Px(T)-PT(T) vs .  I' urien E l  (or E*) and E3  are 

minimized. It i s  ev ident  t h a t  the  E 3  minimization f o r c e s  good 

agreement between Bx(T) and Bc(T) i n  t h e  r e g i o n  01 , and 

t h a t  t h e r e  i s  worse agreement wi th  both  t h e  low-te=perature B(T)  

and the  high-temperature '1 (T) than  when El o r  E 2  ; _  

minimized. I n  consequence, w e  should expect  t h a t  t h e  

parameters a l low a b e t t e r  d e s c r i p t i o n  of B(T) fo r  T < 90°K and 

L 

(T) f o r  T > 1700°K than  would t h e  E3 parameters.  

The emphasis l e n t  t h e  high-temperature 7 (T) and t h e  low- 

temperature B(T) i n  minimizing e i t h e r  E l  or E 2  t ends  t o  make 

m a x i m a l  use  of  t h e  p o t e n t i a l  information conten t  of t h e s e  two 

p r o p e r t i e s .  Thus, t h e  Morse p o t e n t i a l s  s o  deduced are probably 

as c lose  t o  " r e a l i t y "  as p o s s i b l e  under t h e  r e s t r i c t i o n s  w e  have 

imposed. Of course,  one t e s t  of t h e  " r e a l i t y "  or "goodness" of a 

model p o t e n t i a l  func t ion  i s  i t s  a b i l i t y  t o  descr ibe  adequately 

p r o p e r t i e s  o the r  than  those f iom which i t  was dete:  !rnied, We s h a l l  

4 

c 
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n o t  consider  t h i s  ques t ion  i n  d e t a i l  here .  We note ,  however, t h a t  

A 

. 

d a t a  i n  two temperature ranges are e s s e n t i a l l y  ignored i n  both t h e  

El and E2 f i t t i n g  procedures:  Bx(T) i n  the  neighborhood of 

T and (T) fo r  very  low temperatures .  We may use  the  agreement B X 

between experiment and c a l c u l a t i o n s  i n  these  temperature ranges  as 

a p a r t i a l  test  of t h e  goodness of t he  model. It i s  seen  i n  F igs .  1-6 

t h a t  such agreement i s  only f a i r  a t  b e s t  f o r  Ar and N2 . 
I f ,  once again,  we  t u r n  our a t t e n t i o n  t o  Table I1 we see t h a t  

Ar and N2 are d i f f e r e n t  from the  o ther  substances w e  have 

considered i n  t h a t  t he  v i s c o s i t y  extends t o  q u i t e  h igh  temperatures 

(T* % 15) 

t h e  bounds of  experimental  e r r o r  which i s  es t imated  t o  be no more 

t h a n  2 per  c e n t .  

r e p u l s i v e  p o r t i o n  of t h e  Morse p o t e n t i a l  i s  t o t a l l y  inadequate  

t o  e x p l a i n  such h igh  temperature behavior.  I n  a la te r  sec t io i l  

we s h a l l  examine t h e  r e p u l s i v e  r e g i o n  of t h e  p o t e n t i a l s  considered 

her  e ,  

and t h a t  the  agreement wi th  experiment i s  w e l l  o u t s i d e  

One poss ib l e  explana t ion  might be t h a t  t h e  

B. E-, X e  and CH4 

I n  t h e  s p i r i t  of our earlier d i scuss ion  of t h e  informat ion  

con ten t  of t h e  B (T) and (T) d a t a  we  no te  s u f f i c i e n t  s i m i l a r i t y  

i n  t h e  corresponding (reduced) temperature  ranges  fo r  which t h e s e  

d a t a  are a v a i l a b l e  t h a t  i t  is  f r u i t f u l  t o  d i s c u s s  K r ,  X e ,  and CH4 

t oge the r .  As we have a l ready  noted,  t h e r e  i s  a s u r p r i s i n g  pauc i ty  

of high-temperature  7 x(T) data f o r  a l l  t h r e e  subs tances .  

B (T) d a t a  on t h e  o the r  hand span 

X I x  

The 

the  Boyle temperature  and extend 
X 



t o  r e l a t i v e l y  low temperatures .  For these  substances,  t h e r e f o r e ,  i t  

i s  perhaps not  q u i t e  so  c e r t a i n  as i t  w a s  i n  t he  case  of A r  and N 2  
t h a t  minimizing e i t h e r  El or  E 2  w i l l  tend t o  e x t r a c t  t he  maximal 

information conten t  from the  a v a i l a b l e  B (T)  and j (T) da ta ,  
X X 

and a t  the same time provide a severe  t e s t  of t h e  Morse p o t e n t i a l .  

It i s  seen i n  Table I1 t h a t  for  a l l  t h r e e  substances t h e  

p o t e n t i a l s  f i xed  by minimizing El  and E 2  are f a i r l y  c o n s i s t e n t .  

For Kr, t he  two p o t e n t i a l s  found by minimizing El a r e  very  n e a r l y  

i d e n t i c a l ,  and a r e  q u i t e  c l o s e  t o  the  p o t e n t i a l  f i xed  by minimizing 

E d e s p i t e  t h e  r a t h e r  d i f f e r e n t  weight ing given t h e  B(T)  and "1 (T) 

d a t a  i n  the  two cases .  Indeed, the  parameters agree  w i t h i n  a few 

t e n t h s  of a per c e n t .  This  i s  i n  marked c o n t r a s t  t o  the s i t u a t i o n  

2 

N2 t h a t  was encountered wi th  A r  and 

For Xe, we found two f a i r l y  d i s t i n c t  p o t e n t i d l s  ..5ich admit ted 

ve ry  nea r ly  the  same El . Here, t h e  d i f f e r e n c e  between 

E2 i n  weight ing the  B(T) and (T) d a t a  i s  much l e s s  pronounced 

than  i n  the  case of Kr,  y e t  the  Xe p o t e n t i a l s  f i xed  by these  two 
? 

c r i t e r i a  a r e  cons iderably  more d i f f e r e n t  than  they  are f o r  K r .  

We i n t e r p r e t  t h i s  behavior a s  an i n d i c a t i o n  t h a t  t he  Xe p o t e n t i a l  

20 

i s  not  s o  w e l l  determined as i s  t h e  Kr p o t e n t i a l .  We expect  t h a t  

i t  would be necessary  t o  know B (T) a t  temperatures  down t o  s. 
170°K before  w e  could f i x  the  X e  p o t e n t i a l  even as w e l l  as w e  

X 

have the KI p o t e n t i a l .  

The e f f e c t i v e  CH4 p o t e n t i a l s  determined from El  and E 2  

are not  nea r ly  as s imi la r  as one might expect from the  f a c t  t h a t  

t h e  da ta  a r e  weighted almost i d e n t i c a l l y  i n  the  tw. cases .  This  
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i n d i c a t e s  t h a t  t h e  CH4 p o t e n t i a l  may be b e t t e r  determined than  

t h a t  f o r  X e  bu t  perhaps s l i g h t l y  less w e l l  determined than  t h a t  

f o r  Kr. 

For Kr, X e  and CH4 we at tempted t o  f i x  t h e  p o t e n t i a l s  by 

E3 as we had done f o r  A r  and N W e  abandoned t h e  2' minimizing 

at tempt ,  however, s i n c e  i t  was r e q u i r i n g  too  great an expendi ture  

of computer e f f o r t .  (Recal l  our previous comments of t h e  

s e n s i t i v i t y  of Eg t o  t he  Bx(T> i n  the  v i c i n i t y  of T B . )  

I n  Table I1 the  p o t e n t i a l  f o r  

of E 3  i s  only approximate. It i s  s u f f i c i e n t  t o  show, as we do 

in Figs .  7-9, t h a t  t h e  main e f f e c t  of minimizing ine t ead  of 

El or E2 i s  he re  no d i f f e r e n t  than i t  w a s  f o r  Ar or N2 ; 

namely, t o  f o r c e  a good f i t  of B (T) i n  t h e  v i c i n i t y  of  

CH4 corresponding t o  the  minimizat ion 

E3 

TB ' X 

Overall, however, t h e  f i t  of bo th  B (T) and 7 , (T)  i s  cons iderably  

worse wi th  t h e  E3 p o t e n t i a l  t han  wi th  e i t h e r  t h e  

p o t e n t i a l .  W e  compare i n  Figs .  10 and 11 experimental  and c a l c u l a t e d  

va lues  of B(T) and (T) f o r  K r ,  and make the  l i k e  comparison 

f o r  Xe i n  F igs .  12 and 13. 

X 

El or E 2 

't 

C. Neon 

The p o t e n t i a l  fo r  N e ,  a lone of tk substances we cons ider ,  i s  

probably no t  w e l l  determined. Since the  few B (T) a v a i l a b l e  fo r  

T < T appear t o  be somewhat unce r t a in ,  w e  considered Bx(T) only  B 

f o r  T > TB. 

can have only l imi t ed  confidence i n  t h e  N e  p o t e n t i a l s  determined 

X 

Thus, i n  t he  s p i r i t  of our previous d i scuss ions ,  w e  

here .  This  lugubrious view i s  taken d e s p i t e  t h e  f a c t  t h a t  t h e  N e  
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p o t e n t i a l s  l i s t e d  i n  Table I1 determined by minimizing E1 > E2 > 

and Eg agree f a i r l y  w e l l  among themselves and a r e  compatible 

wi th  the experimental  d a t a  from which they were determined 

F i g s .  14-16). Here, i t  appears  t h a t  B (T) da t a  a t  temperatures  

down t o  ca. 40 K a r e  necessary  t o  determine a reasonably  a c c u r a t e  

(see 

X 

0 
- 

p o t e n t i a l  fo r  Ne by our methods. 

I V .  COMPARISON WITH OTHER POTENTIALS 

Let us f i r s t  compare the  Morse p o t e n t i a l s  ob ta ined  here  from 

gas p r o p e r t i e s  wi th  those' determined e a r l i e r  l a r g e l y  from c r y s t a l  

p r o p e r t i e s .  The l a t t e r  a r e  included i n  Table I1 as t h e  l a s t  e n t r y  

f o r  each substance.  It takes  only a cursory  glance t o  show t h a t ,  

. 

on t h e  whole, t h e  "crystal-determined" p o t e n t i a l s  give a d e s c r i p t i o n  

of B(T) and (T) i n f e r i o r  t o  t h a t  a f forded  by t h e  p o t e n t i a l s  

determined here .  This  r e s u l t  w a s  a n t i c i p a t e d  on the  bh . . ~f t he  

arguments presented  e a r l i e r  and t h e  comparisons made by Saxena ai:, 

Bahethi.  What was not  expected, however, w a s  the  r e l a t i v e l y  small 6 

improvement i n  t h e  agreement w i t h  v i s c o s i t y  d a t a  i n  a number of cases .  

This  leads us  t o  i n q u i r e  whether t he  na tu re  of the  r e p u l s i v e  limb 

of t h e  Morse p o t e n t i a l  p rec ludes  a r e a l i s t i c  d e s c r i p t i o n  of h igh  

energy behavior .  

18 We know from t h e  work of Buckingham, f o r  example, t h a t  fo r  

very  small  s epa ra t ions  the  c o r r e c t  p o t e n t i a l  i s  of the  form 

- - - - -  
18. R .  A .  Buckingham, Trans.  Faraday S O ~ .  54,  453 (1958). 
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A t  somewhat l a rge r  separa t ions ,  however, high energy s c a t t e r i n g  

. experiments i n d i c a t e  t h a t  e i t h e r  an inverse  power or  else an 

exponent ia l  form may be s u i t a b l e .  

Thomas-Fermi-Dirac (TFD) p o t e n t i a l s  are a l s o  e s s e n t i a l l y  exponent ia l  

Abrahamson '~ '~  t h e o r e t i c a l  

for a wide range of s epa ra t ions .  S ince  the  Morse p o t e n t i a l s  have 

an exponent ia l  repuls ion ,  a comparison wi th  these  o ther  p o t e n t i a l s  

is of some i n t e r e s t .  Unfortunately,  for  t h e  i n t e r a c t i o n s  under 

cons idera t ion ,  t h e r e  i s  only a very  small overlap between t h e  

ene rg ie s  a t  which the  s c a t t e r i n g ,  TFD, and Morse p o t e n t i a l s  a r e  

v a l i d .  (For any of t h e  latter the  l i m i t  of v a l i d i t y  is  def ined 

= kT where T i s  the  h ighes t  temperature f o r  by Ymax maX max 

which d a t a  was used t o  f i x  the  p o t e n t i a l .  See Table I.) Therefore ,  

it may be necessary  t o  e x t r a p o l a t e  the  Morse p o t e n t i a l s  t o  ene rg ie s  

higher  t han  those for  which they  a r e  s t r i c t l y  v a l i d  i n  order  t o  

compare wi th  t h e  TFD and s c a t t e r i n g  p o t e n t i a l s .  The latter are 

examined i n  some d e t a i l  elsewhere.  "j20 I n  F igs .  17-22 we make 

t h e  suggested comparisons o n . p l o t s  of log vs .  r . The best 

one can hope t o  l e a r n  from these  p l o t s  i s  whether t he  s lope  of a 

given Morse p o t e n t i a l  is approximately c o r r e c t .  Since a h  'p/dp&- zc& 

f o r  r s u f f i c i e n t l y  s m a l l ,  t h e  s lope  i s  s e n s i t i v e  to t h e  parameter 

r a t i o  c / c  . Unless t h e  s lope  i s  very  n e a r l y  c o r r e c t ,  very  l i t t l e  

can be learned  from such p l o t s  about the  parameter E which a f f e c t s  

t he  v e r t i c a l  displacement of t he  Morse curves .  Since'we are 

comparing the  Morse p o t e n t i a l s  w i th  completely r e p u l s i v e  p o t e n t i a l s ,  

19. A. A. Abrahamson, Phys. Rev. 130, 693 (1963). 

20. I. M u r ,  Phys ica l  Chemistry i n  Aerodynamics and Space F l i g h t  

- - - - -  

(Pergamon Press, New York, 1961), p.  228. 
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t h e s e  p l o t s  t e l l  us l i t t l e  about t h e  parameter cl- a lone .  

For A r ,  we compare i n  F ig .  1 7  t h e  Morse p o t e n t i a l s  corresponding 

t o  t h e  En w i t h  t h e  Morse p o t e n t i a l  due t o  KH, Abrahamson’s 

TFD1’ p o t e n t i a l ,  and p o t e n t i a l s  deduced from high  energy s c a t t e r i n g  

(The curve labe led  2 1  24 A J , 2 2  AM,23 and A J B .  experiments by Berry, 

Kihara  BFS w i l l  be d iscussed  p r e s e n t l y . )  The agreement i s  

r a t h e r  good between t h e  Morse p o t e n t i a l s  and the  s c a t t e r i n g  

p o t e n t i a l s .  P a r t i c u l a r l y  noteworthy i s  t h e  agreement between 

t h e  most r e c e n t l y  determined s c a t t e r i n g  p o t e n t i a l s  22,24 and 

t h e  Morse p o t e n t i a l  corresponding t o  the  El and E 2  minimization. 

For 

g i v e  good agreement wi th  the .i.:atteri ng p o t e n t i a l  deduced from 

s c a t t e r i n g  experiments by Amdur, Mason and Jordan’)’ ( A M J )  and 

N2, we see i n  Fig.  18 t h a t  a l l  of t h e  Morse p o t e n t i a l s  shown 

i t s  e x t r a p o l a t i o n  t o  s m a l l  s e p a r a t i o n s .  For C H q l  K r ,  and X e  

t h e  Morse p o t e n t i a l s  determined here  are seen i n  F i g s .  I 9  1 1  I -  

g ive  s l i g h t l y  b e t t e r  agreement w i t h  s c a t t e r i n g  p o t e n t i a l s  

than  do those  based on c r y s t a l  p r o p e r t i e s a 2  

21. H. W. Berry, Phys. Rev. 99, 553 (1955). 

22.. I. Amdur and J .  E. Jordan p r i v a t e  communication 24 November 

26-28 

I n  F i g .  20 we a l s o  - - - - -  

1964: 
r6 .12  e.v. ,  1.9 < r < 2.2 2. 

p(r) = 155.4/r5s4$ e .v . ,  1.6< r< 1.9 8;  V(r)  = 197.6/ 

23. I. Amdur and E.  A .  Mason, J. Chem. Phys. 22, 670 (1954). 

24. I. Amdur, J. E. Jordan and R .  R.  Bertrand, Proceedings of t h e  
IIIrd I n t e r n a t i o n a l  Conference on t h e  Physics  o f  E l e c t r o n i c  
and Atomic C o l l i s i o n s ,  1963, (North Holland P r e s s ,  Amsterdam). 

25. I. Amdur, E. A .  Mason, and J .  E.  Jordan, J. Chem. Phys. 27, 
527 (1957). 

26. I. Amdur, M. S .  Longmire and E .  A .  Mason, J. Chem. Phys. 35, 

27. I. Amdur and E.  A .  Mason, 3. Chem. Phys. 23, 2268 (1955). 

28. I. Amdur and E .  A .  Mason, J. Chem. Phys. 25, 6’74 (1956). 

895 (1961). 
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show the  (exp-6) p o t e n t i a l  for I(i- determined by Mason2' from 

va r ious  gas p r o p e r t i e s .  Our Morse p o t e n t i a l  g ives  s l i g h t l y  better 

agreement wi th  t h e  s c a t t e r i n g  p o t e n t i a l  while  t h e  (exp-6) p o t e n t i a l  

g ives  b e t t e r  agreement wi th  the  TFD po ten t i a l . "  For N e ,  i t  i s  

seen  t h a t  none of t he  Morse p o t e n t i a l s  give p a r t i c u l a r l y  good 

agreement wi th  e i t h e r  the  TFD potent ia l ' '  or  t h e  s c a t t e r i n g  

p o t e n t i a l s  due t o  Berry and AM.31 It appears  t h a t  c / C  i s  30 

somewhat t o o  l a r g e  for  any of our p o t e n t i a l s  while  t h a t  r a t i o  is  

somewhat t oo  s m a l l  fo r  t he  KH p o t e n t i a l .  

I n  summary, w e  note  f i r s t  t h a t  i n  a number of cases  our 

p o t e n t i a l s  appear t o  agree b e t t e r  wi th  t h e  s c a t t e r i n g  and TFD 

p o t e n t i a l s  t han  do t h e  Morse p o t e n t i a l s  determined by KH. 2 

The latter are u s u a l l y  too  "soft", as might have been expected, 

s i n c e  they are based l a r g e l y  on low-temperature p r o p e r t i e s .  

Secondly, we see t h a t  fo r  a s i n g l e  substance the  d i f f e r e n c e s  

between the  var ious  p o t e n t i a l s  suggested i n  T a b l e 1 1  are usua l ly  

too  small fo r  t he  s c a t t e r i n g  p o t e n t i a l s  t o  be used t o  provide a 

d e f i n i t i v e  choice among them. Overa l l  t hese  comparisons do not  

show any of our Morse p o t e n t i a l s  t o  be g r o s s l y  i n c o r r e c t ,  nor 32 

-. 

I 

do they  provide any c lue  as t o  why they a l low no b e t t e r  agreement 

29. E. A. Mason, J. Chem. Phys. 32, 1832 (1960). 

30. H. W. Berry, Phys. Rev. 75, 913 (1949). 

31. I. Amdur and E. A. Mason, J. Chem. Phys. 23, 415 (1955). 

32. Abrahamson (Ref. 19) has compared the  experimental  s c a t t e r i n g  

- - - - -  

p o t e n t i a l s  a s  w e l l  a s  h i s  own TFD p o t e n t i a l s  wi th  e x t r a p o l a t i o n s  
of a number of other  model p o t e n t i a l s .  With r e s p e c t  t o  the  
la t ter  he found t h e  modified Buckingham (exp.6) p o t e n t i a l  t o  
g ive  order -ofmagni tude  and f r equen t ly  c l o s e r  agreement wi th  
experiment, while  t he  Lennard-Jones (12-6) p o t e n t i a l s  gene ra l ly  
rise q u i t e  r a p i d l y  wi th  decreas ing  r t o  va lues  exceeding t h e  
experimental  ones by seve ra l  100 per c e n t .  
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wi th  the experimental  v i s c o s i t y  than  t h a t  w e  have found. 

We l i s t  i n  Table 111 a "most l i k e l y "  s e t  of Morse p o t e n t i a l  

parameters s e l e c t e d  on t h e  b a s i s  of t h e  arguments given i n  t h e  

previous s e c t i o n s .  They are based almost e n t i r e l y  on t h e  r e s u l t s  

of t h e  E l  and E 2  f i t t i n g  procedures .  W e  consider  t h e  p o t e n t i a l  

f o r  Ne n o t  t o  be w e l l  determined by our method. Although w e  t e r m  

t h e  remaining p o t e n t i a l s  t o  be a t  least  c o n d i t i o n a l l y  w e l l  determined, 

they do n o t  permit a d e s c r i p t i o n  even of t h e  d a t a  from which they  

were derived w i t h i n  t h e  es t imated  experimental  e r r o r .  Thus, t h e  

three-parameter Morse funct ion,  l i k e  a l l  o the r  models s o  f a r  

considered, appears  t o  be i n s u f f i c i e n t l y  f l e x i b l e  (and i n s u f f i c i e n t l y  

r e a l i s t i c )  to  account a c c u r a t e l y  f o r  a wide range of experimental  

d a t a .  33 

It i s  of  some i n t e r e s t  t o  compare our r e s u l t ,  f \ -  A r  w i th  

8 . 3 4  t h o s e  r e c e n t l y  obtained by BFS i n  terms of t h e  Kihara potell. : 

* 
r L I  

- _ - - -  
33. Even s o ,  a knowledge of even t h e s e  poor approximations are, and 

w i l l  cont inue f o r  sometime t o  be, of i n t e r e s t  fo r  use  i n  
es t imat ing  p r o p e r t i e s  which are n o t  r e a d i l y  a v a i l a b l e  from 
experiment. Indeed, i t  i s  l a r g e l y  because of t h e i r  p o s s i b l e  
use i n  high temperature a p p l i c a t i o n s  t h a t  w e  have dwelt  s o  long 
on an  examination of t h e  high energy reg ion .  

.. 

3 4 .  T .  Kihara, Rev. Mod. Phys. 25. 8 3 9  ( 1 9 5 3 ) .  
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TABLE 111 

COMPARISON OF POTENTIAL FUNCTIONS FOR 

SOME SIMPLE NONPOLAR SUBSTANCES 

Subs tame f /k 
(OK) 

'm 
B Source 

Ar 132.6 

142.9 

147.2 

137.5 

3.546 

3.363 

3.314 

3.165 

4.031 

3.735 

3.677 
3.812 

N2 

cH4 

Kr 

120.3 

139.2 
3.717 

3.526 
4.208 

3.736 
a 

C 

221.8 

204.3 
3.507 

3.620 
3.943 

3.991 
a 

C 

3.563 
3.521 

4.067 
3.898 

4.077 

4.036 

199.2 
215.6 

191.1 

200.0 

... 
3.577 

273.1 

298.8 

264.4 

3.950 

3.878 

4.500 

4.283 

4.438 

Xe a 

C 

d ... 
2.848 

3.130 
a, f 
d 

70.5 

44.3 

2.598 Ne 
... 

a. "Most likely" Morse potentials. Those potentials determined by 

b. Kihara potential, R e f .  8. 

c. Kihara potential, Ref. 35. 
d. Guggenheim and McGlashan potential, Ref. 36. 

e. Modified Buckingham (exp-6) potential, Ref. 29. 

f. This potential may be grossly in error since it is not well- 

minimizing El are weighted most heavily. 

determined by our method. 
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* 
iielce r = Z I ' ~  , f i s  the r a t i o  of t h e  core  diameter t o  the  

c o l l i s i o n  diameter 6 , and and 6 have t h e  same s i g n i f i c a n c e  

as f o r  t h e  Morse p o t e n t i a l .  By performing simultaneous least- 

squares  f i t s  of ? (T)/(MT)' and Bx(T) , (a procedure s i m i l a r  

t o  a l though not  e n t i r e l y  equiva len t  t o  our own), they  f ixed  t h e  

Kihara parameters  fo r  Ar t o  be:  e / k  = 142.9'K , = 0.1  , and 

X 

0 6 = 3.363 A. With t h i s  s e t  of parameters they obtained p e r c e p t i b l y  

b e t t e r  agreement between ca l cu la t ed  and experimental  v i s c o s i t i e s  

and second v i r i a l  c o e f f i c i e n t s  f o r  A r  t han  that w e  found for t h e  

Morse p o t e n t i a l .  For example, t h e i r  l a r a e s s p e r c e n r a g e  error fo r  a 

s i n g l e  v i s c o s i t y  w a s  about  5 pe r  cent '  whi le  t h e  r o o t  mean square 

percentage  e r r o r  w e  obtained f o r  v i s c o s i t y  i s  about 6 per  cent .  

(As can be seen from Fig .  3 the  l a r g e s t  percentage e r r o r s  are 

a s s o c i a t e d  w i t h  t h e  low-temperature v i s c o s i t y  which i: e s s e n t i a l l y  

El and t h e  E f i t t i n g  procedure.  T n t  I - a l l  ignored i n  both  t h e  

percentage e r r o r  i s  no t  apprec iab ly  improved when E3 i s  minimized.) 

Furthermore, t h e  l a r g e s t  s i n g l e  d e v i a t i o n  found by BFS f o r  B(T) 

was - 3 . 6  cm /mole and t h e i r  s tandard  dev ia t ion  w a s  1.2 cm /mole, 

wh i l e  our s tandard  dev ia t ion  fo r  B(T) i s  about 3.7 cm /mole. By 

t h e s e  measures, t h e i r  Kihara p o t e n t i a l  f o r  Ar c l e a r l y  g ives  a 

b e t t e r  f i t  of both B(T) and 9 (T) t han  does our ''most l i k e l y "  

Morse func t ion .  Although for n e i t h e r  p o t e n t i a l  i s  t h e  agreement 

w i t h i n  es t imated  experimental  e r r o r  (ca. 1-2 per cent  fo r  v i s c o s i t y ) ,  

on t h e  b a s i s  of  t hese  r e s u l t s  t h e  Kihara p o t e n t i a l  must be 

considered,  a t  least  p rov i s iona l ly ,  t h e  more r e a l i s t i c  of t h e  two. 

2 

3 3 

3 

Unfortunately,  t h e  form which makes t h e  Kihara p o t e n t i a l  s o  
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i n t u i t i v e l y  appeal ing f o r  t h e  d e s c r i p t i o n  of two-body phenomena a t  

low-to-moderate temperatures becomes less and less r e a l i s t i c  f o r  

high energy a p p l i c a t i o n s .  This  a s p e c t  i s  depic ted  i n  F i g .  1 7  

where the  Kihara p o t e n t i a l  f o r  A r  (determined by BFS) i s  compared 

w i t h  the p o t e n t i a l s  we have previous ly  d iscussed .  There i t  i s  seen 

t h a t  even o u t s i d e  i t s  hard r e p u l s i v e  core,  t h e  Kihara p o t e n t i a l ,  

l i k e  the  Lennard-Jones (12-6) p o t e n t i a l  on which i t  i s  based, 

p r e d i c t s  t oo  hard a r e p u l s i o n .  
32 

35 
Recently, Sherwood and P r a u s n i t z  (SP) f i x e d  t h e  Kihara 

p o t e n t i a l  parameters f o r  a number of substances we consider  by 

comparing wi th  B(T)  d a t a  a lone.  Their  procedure i s  n o t  expected 

t o  f i x  as rea l i s t ic  a p o t e n t i a l  as does t h e  BFS procedure i n  view 

of our e a r l y  d iscuss ion .  However, t h e  f a i r l y  good agreement b3tween 

t h e  SP and BFS p o t e n t i a l s  f o r  A r  makes i t  secx  m-thwhile t o  

extend t h e  comparison between our Morse p o t e n t i a l s  and t h e   hi,^ 1 '= 

p o t e n t i a l s  t o  inc lude  t h e  SP r e s u l t s  i n  Table 111. For t h e  ra re  

gases w e  may f u r t h e r  extend t h i s  comparison t o  inc lude  t h e  r e s u l t s  

of Guggenheim and M ~ G l a s h a n ~ ~  who determined t h e i r  p o t e n t i a l s  almost 

e n t i r e l y  from c r y s t a l  p r o p e r t i e s .  (BFS showed t h a t  t h e  Guggenheim 

and McGlashan p o t e n t i a l  f o r  A r  g ives  less s a t i s f a c t o r y  agreement 

wi th  the v i s c o s i t y  than  does t h e  Kihara p o t e n t i a l .  ) 

- - - m e  

35. A. E .  Sherwood and J. M. Prausni tz ,  J. Chem. Phys. 5 429 (1964). 

36. E' .A. Guggenheim and M. L. McG.lashan, Proc.  Roy. SOC. (London) 
A255, 456 (1960); Mol. Phys. 5 563 (1960). 

. 
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I n  Fig.  23 we show t h e  a t t r a c t i v e  r eg ion  of t h r e e  model 

p o t e n t i a l s  for  A r  : t h e  Kihara p o t e n t i a l  determined by BFS , 
t h e  Guggenheim and McGlashan p o t e n t i a l  36 ( the dashed p o r t i o n s  are 

drawn free-hand) ,  and our ' hos t  l i k e l y "  Morse p o t e n t i a l .  It i s  

ev iden t  t h a t  they  d i sag ree  i n  a number of r e s p e c t s .  

i n  Table I11 one of t h e  p m s i b l e  Buckingham (exp-6) p o t e n t i a l s  

for  Kr 

w i t h  thermal d i f f u s i o n  and fl(T) da t a .  The agreement w i t h  our 

"most l i k e l y "  Morse p o t e n t i a l  (p,) i s  s t r i k i n g .  We have a l r eady  

seen  i n  F i g .  20 t h a t  t hese  two p o t e n t i a l s  agree q u i t e  w e l l  i n  t h e  

r e p u l s i v e  r eg ion .  

i n  t h e  attractive r e g i o n  as w e l l :  

limb and a slower long range decay than  does 

W e  have included 

(?,> 
suggested by Mason2' mainly on t h e  b a s i s  of a comparison 

I n  Fig.  24 w e  see  t h a t  t h e  two are q u i t e  s i m i l a r  

yB has a s t eepe r  r e p u l s i v e  

q,. 
Consider ing t h e i r  diverse forms, and the  d i v e r s e  methods used 

t o  f i x  them, t h e  agreement between t h e  va r ious  models i s  re:- **raly 

good. There i s  l i t t l e  question, however, t h a t  t h e  i n v e s t i g a t i o n  of 

more f l e x i b l e  and more r e a l i s t i c  models i s  j u s t i f i e d .  I n  our 

opinion a corresponding e f f o r t  must be expended i n  dev i s ing  improved 

methods of deducing t h e  f e a t u r e s  of t h e  p o t e n t i a l s  from experiment. 
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. Appendix I 

Experimental B(T) and 1 (TI Rata 

The three c r i t e r i a  we use t o  f i x  t h e  Morse p o t e n t i a l  parameters  

are s e n s i t i v e  in d i f f e r e n t  ways t o  the  d a t a  i n  var ious  temperature 

ranges.  

from d i f f e r e n t  l a b o r a t o r i e s  e i t h e r  d i sag ree  i n  t h e i r  common 

temperature  range or else ( i n  t h e  case  of contiguous bu t  non- 

overlapping temperature ranges)  do not  j o i n  smoothly. 

t h e  experimental  d a t a  used w e  have drawn heav i ly  on compilat ions of 

d a t a  i n  which the  r a w  experimental  d a t a  has been c r i t i c a l l y  examined 

and a smoothed set presented .  

compi la t ions  of Bx(T) by S a v i l l e ,  Byrne and Stave ley  and those  

A p a r t i c u l a r l y  u n s a t i s f a c t o r y  s i t u a t i o n  occurs when data 

I n  c o l l e c t i n g  

P a r t i c u l a r l y  va luable  have been t h e  

a 

b (T) by Touloukian and a s s o c i a t e s  . 
Of ‘1, 

W e  p re sen t  i n  t h e  following t a b l e s  the  Bx(T) and 7 x(T j used 

i n  our c a l c u l a t i o n s ,  and quote t h e  o r i g i n a l  sources  from which they  

were drawn. 

- c - - -  

a. G. S a v i l l e ,  M. A. Byrne and L.A.K. Stave ley ,  p r i v a t e  communication. 
These compilat ions were kindly suppl ied  by Dr. L.A.K. Stave ley .  

b. Thermophysical P r o p e r t i e s  Research Center, Purdue Univers i ty ,  
Data Book, Volume 11. 
TPRC, Table number, d a t e  of release of t a b l e .  

References t o  t h i s  work are abbrevia ted :  



Table A-1 Bx(T) for Ne 

123.16 
131.94 

170.15 

173.16 
223.16 

273.16 
323.16 
373.16 

473.16 

573.16 

673.16 
773.16 

873.16 

973.16 

1.23 

2.92 

6.30 

6.75 
9.37 

11.12 
12.32 
12.76 
13.43 

13.70 
13.78 

13.74 

13.89 
13.98 

Sources of Data: G. A. Nicholson and W. G. Schneider, 
Can. J. Chem. 33, 589 (1955); L. Holborn and J. Otto ,  
2 .  Physik 33, 1 (1925); H. Kamerlingh-Onnes et. &., 
CorPmun. Phys. Lab. Univ. Leiden 147d (1915); ibid., 
154a (1919). - 
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Table A-2 qx (T) f c r  Ne 

33.16 

66.49 

77.60 

88.72 

99.83 

110.94 

122.05 

133.16 

144.27 

155.38 

177.60 

188.72 

199.83 

549 

1066 

1207 

1320 

1437 

155 1 

1663 

1772 

1879 

1984 

2188 

2287 

2383 

210.94 

222.05 

233.16 

244.27 

255.38 

266.49 

277.60 

288.72 

29% 83  

310.34 

333.16 

344.27 

366.49 

(10 7 gm/cm s e c )  

2478 

2571 

2662 

2751 

28 39 

2925 

3009 

309 2 

3173 

325 3 

3408 

348 3 

36 30 

T 

(OK) 

377.60 

444.27 

455.38 

499.83 

544.27 

555.38 

699.83 

755.38 

844.27 

933.16 

1066.49 

- -  -- 

7 (10 gm/cm sec) 

3702 

4110 

4175 

4425 

466 3 

4722 

5444 

5714 

6150 

6601 

7329 

Sources of Data: T.P.R.C., Table 2031, December 1962, compiLr, 
from: R. S .  Edwards, R o c .  Roy. SOC. (London) A119,  578 (1928); 
H. L. Johnston and E. R.  & i l l y ,  J. Phys. Chem. 46, 948 (1942); 
V. D. Majumdar and M. B. Vaj i fdar ,  R o c .  Indian Acad. Sc i .  8A, 
1 7 1  (1938); A. Nasini  and C. Rossi ,  Gazz. Chim. It .  58, 898 (1928); 
A. 0 .  Rankine, Proc. Roy. SOC. (London) A84,  181 (1910); M. Trautz  
and H. M. Binkele, Ann. P h y s i k A  (5) ,  561 (1930); M. Trautz  and 
H. Zimmermann, Ann. Physik 2 (5), 189 (1935); M. Trautz  and 
R. Zink, Ann. Physik L ( 5 ) ,  427 (1930); A. van I t t e r b e e k  and 
0. van Paemel, Physica L, 273 (1940); 0 .  van Paemel and Verh Kon 
Vlaamsche, Acad. Wetensch, L e t t e r e n  SchooneKunsten Belgic Klasse 
Wetensch 2 (3) ,  3 (1941); 
52, 165 (1941); H. G. d e  Carvalho, Anais. Assoc. Quim. Braz i l .  4 
(2),  79 (1945); J. Kestio and W. Leidenfrost ,  Physica 25, 1033 
(1959); M. Trautz  and K. F. Kipphan, Ann. Physik 2 (5), 743 (1929). 

R. Wobser and F. Muller,  Kolloid-Beihf te  
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fo r  Ar. 

84.791 
88.336 

92.303 

95.058 

101.398 

105.513 

108.146 

113.318 

117.501 

123.99 

128.15 

133.15 

-249.34 
-229.89 

-211.79 

-200.87 

-178.73 

-166.06 

-160.27 

- 149.58 

-140.58 

-127.99 

-115.96 

-107.99 

138.15 
143.15 

148.15 

153.15 

163.15 

173.15 

188.15 

203.15 

223.15 

248.15 

273.15 

298.15 

-100.91 
-94.54 

-88.60 

-83.13 

-73.34 

-65.18 

-54.70 

-46.28 

-37.24 

-28.29 

-21.26 

-15.63 

323.15 
348.15 

373.15 

398.15 

423.15 

448.15 

473.15 

573.15 

673.15 

773.15 

873.15 

(cm3/mole) 

-11.09 
-7.19 

-4.10 

-1.16 

1 . 2 8  

3.72 

5.12 

10.74 

15.72 

17.75 

19.47 

Sources of Data: L. A. K. Staveley,  p r i v a t e  communicatimi, 
compiled from: A. Michels, J.M.H. Level t ,  and W. de Graaff,  
Physica 24, 659 (1958); A. Michels, 
Wijker, Physica 15, 627 (1949); E. Whalley, Y.  Lupien, and W. G. 
Schneider,  Can. J. Chem. 1, 722 (1953); L. Holborn and J. Otto,  
Z. Physik 2?, 77 (1924); i b id .  30, 320 (1924); L. Holborn and 
H. Schul tze ,  Ann. Physik 47, 1089 (1915); I. P. I shk in  and I. A. 
Rogavaya, Zhur. F i z .  Khim. 31, 410 (1957); B.E.F. Fender and 
G. D. Halsey, Jr., J. Chem. Phys. 36, 1881 (1962). 

Hk. Wijker, and Hub. 



b 

88.72 
122.05 

144.27 

166.49 

199.83 

233.16 

255.38 

266.49 

277.60 

288.72 

299.83 

310.94 

322.05 

344.27 

60 

7 (10 gm/cm sec )  

75 3 
1009 

1178 

1345 

1594 

1851 

2009 

208 1 

2143 

2206 

2268 

2330 

2392 

25 14 

366.49 

377.60 

422.05 

466.49 

522.05 

566.49 

677.60 

722.05 

766.49 

79S.83 

877.60 

910.94 

966.49 

988.72 

7 055.38 

2695 

2931 

3160 

3436 

3648 

4142 

4326 

4503 

4631 

4914 

5029 

5214 

5286 

1110.94 

1177.60 

1277.60 

1366.49 

1477.60 

1577.60 

1655.38 

1722.05 

1777.60 

1888.60 

11197 7 - 60 

LO' p / c m  sec) 

5495 

5663 

5859 

6143 

6392 

6701 

6979 

7 195 

7376 

7524 

7800 

7990 

Sources of Data: T.P.R.C., Table 2045, December 1961, compiled f r o m :  
A. Michels, A. Botzen and W.  Schuurman, Physica 20, 1141 (1954); 
F. G. Keyes, P ro jec t .  Squid.  Report 37, 1 (1952) (AT1 167174); 
V. Vasi lesco,  Ann. Phys. 20, 292 (1945); C. F. Boni l la ,  S. J. Wang, 
and H. Weiner, Trans. ASME 78 (6) ,  1285 (1956); M. Trautz  and 
W .  Ludewigs, Ann. Physik. 3 (5), 409 (1929); J. Kes t in  and 
H. E. Wang, AFORS TN 56, 2 5  (1956) (AD 82011); T.  Makita, Rev. 
Phys. Chem. Japan 27, 16 (1957); J. Kestin and W. Le idenfros t  
Physica 3 537 (1959); R .  Wobser and F. Muller, Kolloid-Beihaf te  
52, 165 (1941); A. 0 .  Rankine, Proc. Roy. SOC.  (London) A88, 575 
(1913); M. Trautz  and R.  Zink, Ann. Physik & 981 (1931); W. Kopsch, 
Halle Univ. Doctoral  D i s se r t a t ion ,  1909; H. Schul tze ,  Ann. Physik. 
- 5 (4), 140 (1901); H. L. Johnstonand E. R .  G r i l l y ,  J. Phys. Chem. 
46, 948 (1942); M. Trautz  and H. M. Binkele, Ann. Physik 5 (5), 
561 (1930); H. G. de Carvalho,Anais. Assoc. Quim. Braz i l .  9 
(2), 79 (1945). 

r 



107.547 
108.894 

109.938 
112.279 

115.351 
, 118.498 

12 1.467 

121.641 

128.137 

132.126 
138.071 
174.4 

Table A-5. B (T) for K r .  
X 

B p  

(cm3 /mole 

-386.67 

-374.23 

-365.03 
-349.75 
-330.80 
-314.83 

-301-59 

235.1 
270.3 

273.15 
323.15 

373.15 
423.15 

473.15 

-297.47 

-270.49 

-255 62 
-236.73 

573.15 
673.15 

773.15 
873.15 

I1 -151.5 

-88.35 

-66.25 
-62.70 
-42.78 
-29.28 

-18.13 

-10.75 

.42 
7.24 
12-7 

17.19 

Sources of Data: L.A.K. Staveley, private communication, 
compiled from: E. Whalley and W. G. Schneider, J. Chem. 
Phys. 23, 1644 (1955); E. Whalley and W. G. Schneider, 
Trans. her. SOC. Mech. Engineers, 76, 1007 (1954); G. Thomaes 
and R. van Steenwinkel, Nature 193, 160 (1962); B.E.F. Fender 
and G. I). Halsey, Jr., J.  Chem. Phys. 36, 1881 (1962). 

61 

I -  

+ 
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1279 

1470 

1656 

18 38 

1928 

2 104 

2277 

2362 

2446 

2773 

I 3010 

Table A-6. Vx(T) for Kr. 

7 
(OK) (10 gm/cm sec) 

144.27 

166.49 

188.72 

210.94 

222.05 

244.27 

266.49 

277.60 

288.72 

333.16 

366.49 

Sources  of  Data: T.P.R.C., T a b l e  2020, December 1962, 
compiled from: I. Amdur, J. Chem. Phys. 16, 190 (1948); 
A. Nasini and C. Bossi, Gazz. Chim. It. 58, 989 (1928); 
H. G. d e  Carvalho, Anais. Assoc. Quim. B r a z i l .  5 (2), 
79 (1945); J. Kestin and W. L e i d e n f r o s t ,  Phys ica  25, 
1033 (1959). 



Table A-7. 
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Bx(T) for Xe.  

273.16 

323.16 

373.16 

423.16 

473.16 

523.16 

573.16 

673.16 

773.16 

873.16 

973.16 

- 

-154.74 

-110.73 

-81.73 

-61.29 

-46.05 

-33.20 

-24.30 

-10.77 

-. 13 

7.95 

14.22 

Sources of Data: A.  Michels, T. Wassenaar, and P. Louwerse: 
Physica 20, 99 (1954); J. A. Beat t ie ,  R. J. Barr iau l t ,  
and J. S. Brierley,  J. Chem. Phys. 19, 1222 (1951); E. Whalley, 
and W. G. Schneider, J. Chem. Phys. 23, 1644 (1955); E. Whalley, 
Y. Lupien, and W. G. Schneider, Can. J. Chem. 33, 633 (1955). 

Note: Whenever two or more B values w e r e  ava i l ab le  a t  the  
same, or almost the same temperature, t he  se lec ted  value of B 
w a s  obtained by a simple in te rpola t ion .  
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Table A - 8 .  y x ( ~ )  for Xe.  

377.60 

399.83 

455.38 

499.83 

555.38 

__I 

1 d T )  
7 (10 gm/cm sec) 

2141 

2224 

2307 

2389 

2862 

3013 

3378 

3655 

3984 

Sources of Data: T.P.R.C., Table 2033, December 1961, compiied 
from: M. Trautz  and R.  Heberling, Ann. Physik. 20 (5), 118 
(1934); A. 0. Rankine, Proc.  Roy. SOC. (London) &, 'SI (1910); 
H. G. de Carvalho, Anais Assoc. Quim. B r a z i l .  k (2) ,  I -  , i t < 4 5 ) ;  
J. Kest in  and W. Leidenfrost ,  Physica 25. 1033 (1959); J. K E -  
and H. E. Wang, AFORS TN 56, 2 3  (1956) (AD 82011). 



c 

T 

(OK) 
L 

90.0 
111.4 

123.15 

126.83 

128.69 

133.15 

143.15 

151.96 

163.15 

173.15 

183.15 

192.05 

223.15 

Table A-9. Bx(T) for N 2 .  

-201.0 

-132.7 

-109.9 

-102.2 

-99.50 

-94.08 

-79.46 

-69.63 

-60.64 

-52.73 

-45.97 

-39.48 

-25.90 

248.15 

273.15 

293.15 

298.47 

303.15 

323.15 

347.90 

373.15 

398.21 

423.15 

473.15 

573.15 

673.15 

B p  

(cm 3 /mole) 

- 

-17.00 

-10.21 

-5.69 

-4.75 

-3.64 

-.47 

3.02 

6.21 

9.19 

11.72 

15.53 

20.44 

23.77 

65 

Sources of Data: L.A.K. Staveley, p r i v a t e  communication, 
compiled from: A. Michels, H. Wouters, and J. de Boer, 
Physica I, 587 (1934); L. Holborn and J. Otto,  Z. Physik 10. 
367 (1922); I. P. I shk in  and M. G. Kaganer, Sovie t  Phys. - 
Tech. Phys. 1, 2255 (1957); H. Kramerlingh-Ohnes and A. T. 
van Urk, Comm. Phys. Lab. Leiden 169a (1924); R. A.H. Pool, et. c. 
Trans. Faraday SOC. 58, 1692 (1962). 
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I .  

110.94 
144.27 

188.72 

199.83 

222.05 

233.16 

255.38 

277.60 

288.72 

299.83 

310.94 

322.05 

333.16 

344.27 

355.38 

Table A-10  

768 
984 

1231 

1290 

1406 

1462 

1571 

1677 

1729 

1780 

18 30 

1879 

1927 

1975 

2022 

T 

(OK) 

366.49 
377.60 

399.83 

422.05 

466.49 

522.05 

555.38 

610.94 

677.60 

710.94 

766.49 

810.94 

855.38 

877.60 

922.05 

2068 
2114 

2203 

2289 

2455 

2650 

2761 

29 37 

3137 

3232 

3386 

35 05 

3621 

3678 

3790 

977.60 
988.72 

1022.05 

1077.60 

1122.05 

1166.49 

1222.05 

1266.49 

1310.94 

1333.16 

1566.49 

1688.72 

171  0.94 

3927 
3954 

4034 

4167 

4271 

4374 

4501 

4601 

4699 

4747 

5212 

5416 

5447 

Sources of Data: T.P.R.C., Table 2043, December 1961, compiled 
from: 
1038 (1940); H. L. Johnston, R. W. Mattox and R. W. Powers, 
NACA TN 2546, 1 (1951); J. Kestin and K. Pilarczyk, Trans. ASME 
76, 987 (1954); H. Markowsky, Anri. Bhysik. 14 ( 4 ) ,  742 (1904); 
P. J. Rigden, P h i l .  Mag. 25, 961 (1938); C. J. Smith, Proc. 
Phys. SOC. (London) 34, 155 (1922); M. Trautz and P. B. Baumann, 
Ann. Physik. 2 (51, 733 (1929); M. Trautz and R.  Heberling, 
Ann. Physik. 10 (5), 155 (1931); M. Trautz and A. Melster, Ann. 
Physik. L (5), 409 (1929); H. Vogel, Ann. Physik. 43 (4), 1235 
(1914); K. L. Yen, Ph i l .  Mag. 38, 582 (1913); C. P. E l l i s  and 
C. J. G. Raw, J. Chem. Phys. 30, 574 (1959); T. Makita, Rev. 
Phys. Chem. Japan 27, 16 (1957); F. Lazarre and B. Vodar, Compt. 
Rend. 243 487 (1956); W. L. S i b b i t ,  G. A. Hawkins and H. L. Solberg, 
Trans. ASME 65, 401 (1943); V. D. Majumdar and M . B. Vajifdar,  
Proc. Indian Acad. S c i .  1 7 1  (1938); M. Trautz and R.  Zink, 
Ann. PhysiJc 1 (5), 427 (1930); R.  Wobser and F. MQiller, Kolloid- 
Beibfte52,165 (1941); M. Trautz and R. Zink, Ann, Physik. 2, 
981 (1931). 

H. L. Johnston and K. E. McCloskey, J. Phys. Chem. 44, 



Table A- 11 B (T) for CH4 
X 

108.45 

125.20 

149.10 

186.40 

223.60 

249.30 

273.155 

298.152 

303,152 

323.15 1 

348.152 

Bx(T) 

3 '  (cm /mole) 

-363.265 

-268.445 

-187.840 

-126.150 

-82.655 

-68.455 

- 53.485 

-43.04 

-40.91 

-34.40 
-27.25 

T 

(OK) 

373.155 

398.160 

423.166 

448. 197 

473.213 

498.229 

523.245 

548.260 

573.274 

598.285 

623.294 

B p  

3 (cm /mole) 

-21.13 

-15.90 

-11.32 

-7.56 

-4.16 

-1.16 

1.49 

3.89 

5.98 

7.88 

9.66 

--- 

Sources of Data: G. Thomaes and R. van Steenwinkel, Nature f87, 
229 (1960); H. W. Schamp, et. g., Phys. Fluids L, 329 (1958); 
D. R. Douslin, Progress i n  Internat ional  Research on Thermo- 
dynamic and Transport Properties. 
Mechanisal Engineers, New York, 1962) p. 135. 

(The American Society of 

Note: B, values were 
avai lable  at  the  same, or almost the same temperature, the 
selected value of B was obtained by a simple interpolat ion.  

In the  range 273OK t o  423OK where two 

X 
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Table A-12.  Px(T) for CH4. 

122.05 

133.16 

144.27 

155.38 

166.49 

177.60 

188.72 

199.83 

210.94 

222.05 

233.16 

244.27 

48 9 
5 30 

571 

612 

65 3 

693 

7 32 

772 

811 

850 

880 

926 

255.38 

266.49 

277.60 

288.72 

299.83 

310.94 

322.05 

333.16 

344.27 

355.38 

366.49 

rl 
7 (10 gm/cm sec: 

- 

964 
1002 

1039 

1076 

1112 

1148 

1184 

1219 

1254 

1289 

1323 

Sources of Data: T.P.R.C. Table 2022, September 1960, 
compiled from: E.W. Comings and R. S. Egly, Ind. Eng. 
Chem. 33, 1224 (1941); E. W. Comings, B. J. Mayland and 
R. S. Egly, Univ. of I l l i n o i s  Eng. Expt. Sta .  Bull. 354, 
1 (1944); H. Iwasaki and H. Takahashi, J. Chem. SOC. Japan, 
Ind.Cbem. Sec., 62 (7), 918 (1959); F. G. Keyes, Trans. 
ASME 76, 809 (1954); E. Kuss, 2. angew. Phys. 4, 203 (1953); 
J. D. Lambert, K. J. Cotton, M. W. Pailthorpe, A. M. Robinson, 
J. Scrivins,  W. R. F. Yale, and R. M. Young, Proc. Roy. SOC. 
(London) A231, 280 (1955); H. L. Johnston and E. R. Gri l ly ,  
J. Phys. Chem. 46, 948 (1942); M. Trautz and A. Melster, 
Ann. Physik (5), 409 (1929). 


